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Abstract: An explicit integration scheme that combines improved accuracy and reduced 
computational cost is presented herein, for the implementation of the NTUA-Sand bounding 
surface constitutive model into the Finite Difference Code FLAC (Itasca, 2011). The proposed 
integration algorithm automatically switches between a modified-Euler integration scheme with 
error-control and sub-stepping (Sloan et al, 2001), and the much simpler and computationally 
effective first-order (single-step) Euler integration, based on the local degree of non-linearity 
of the stress-strain relationship. The non-linearity is estimated from the difference between the 
stress increments of two consecutive steps, which is consequently compared against a given 
tolerance value, in order to select the appropriate integration scheme. The computational 
accuracy of the proposed integration algorithm is evaluated using the iso-error maps 
procedure, while its computational efficiency is demonstrated through its application, in 
element level, for the prediction of stresses in a given undrained shear strain path. 
  
 
Introduction 
The implementation, into commercial finite element or finite difference codes, of sophisticated 
constitutive models that are capable of predicting the basic aspects of the cyclic behaviour of 
sands (e.g. Andrianopoulos et al, 2010, Ziotopoulou & Boulanger, 2013), has allowed, during 
the last years, the accurate simulation of several liquefaction-related problems, which would 
have not been possible with simple models such as Mohr-Coulomb and Finn. Nevertheless, 
the high computational cost involved with these fully coupled (mechanical and groundwater 
flow) dynamic analyses has been posing as a significant obstacle to the performance of 
extensive parametric investigations. This becomes more evident in problems like the 
liquefaction performance of rectangular footings or pile foundations, where large 3-dimensional 
meshes are required (e.g. Valsamis et al, 2012, Karamitros et al, 2013, Chaloulos et al, 2014, 
Bouckovalas & Chaloulos, 2014). 
 
In this context, an adaptive algorithm is proposed herein, for the explicit integration of the 
NTUA-Sand constitutive model, namely a bounding surface model with a vanished elastic 
region, which incorporates the Critical State theory of Soil Mechanics and has been 
implemented into the Finite Difference Codes FLAC and FLAC3d (Andrianopoulos et al, 2010). 
The proposed integration algorithm is a combination of the modified-Euler integration scheme, 
with automatic error-control and sub-stepping (Sloan et al, 2001), as well as of the much 
simpler and computationally effective first-order (single-step) Euler integration. More 
specifically, the appropriate integration scheme is selected, after estimating the local 
integration error as a function of the stress increment difference of each pair of consecutive 
steps. This way, the numerical analysis algorithm adapts to the local degree of non-linearity of 
the stress-strain relationship, thus achieving the optimum balance between the accuracy of 
the integration procedure and the involved computational cost. The accuracy of the proposed 
integration algorithm is evaluated using the iso-error maps procedure, while its computational 
efficiency is assessed through its application, in element level, for the prediction of stresses in 
a given undrained shear strain path. 
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Explicit Constitutive Model Integration Algorithms 
The implementation of a user-defined constitutive model into the finite difference code FLAC 
requires the constitutive stress-strain relationship to be explicitly integrated, that is to provide 
a numerical algorithm for the computation of the stress increment Δσij, for a given current stress 
state σij, and a given strain increment Δεij. In the general framework of elasto-plasticity, the 
stress-strain relationship has the following form: 

   ep
ij ijkl ij n klσ C σ ,q ε  (1) 

where Cijkl
ep is the elasto-plastic modulus, which is generally given as a function of the current 

stress  state  and  the  model’s  hardening  parameters qn. 
 
The simplest integration scheme that can be applied for this purpose is the performance of a 
single Euler integration step: 

   ep
ij ijkl ij n klΔσ C σ ,q Δε  (2) 

This scheme is relatively easy to implement in a numerical code, while its computational cost 
is minor. Nevertheless, the penalty paid for this is the lack of accuracy, with the error being 
dependent on the size of the applied strain increment O(Δε2). 
 
In order to improve the accuracy of the integration, the second-order modified Euler integration 
scheme can be utilized. According to this algorithm, a first stress increment estimate Δσij

(1) is 
initially computed as: 

   (1) ep
ij ijkl ij n klΔσ C σ ,q Δε  (3) 

and the corresponding increment Δqn
(1) of the hardening parameters is consequently 

calculated. A second pair of estimates Δσij
(2) and Δqn

(2) is then computed as: 

     (1) ep (1) (1)
ij ijkl ij ij n n klΔσ C σ Δσ ,q Δq Δε  (4) 

Finally, the increments Δσij and Δqn are given from: 
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The above second-order integration scheme offers one size of magnitude increased accuracy, 
with the error being reduced to O(Δε3). However, all calculations are performed twice, therefore 
the associated computational time is twice the one required for first-order Euler integration. 
 
The accuracy may be further increased using higher-order Runge-Kutta-Dormand-Prince 
integration schemes, which accordingly increase the computational cost. Nevertheless, in the 
explicit finite difference method employed by FLAC, the integration time-step, and thus the 
associated applied strain increments, are inherently small, in order to ensure numerical stability 
(Itasca, 2011). For instance, in the case of the fully-coupled effective-stress dynamic analyses 
referred to in the introduction, regarding the performance of geo-structures under earthquake-
induced liquefaction, strain increment levels remain within the order of 10-4. In this context, 
instead of utilizing higher-order schemes that may unnecessarily increase computational time, 
it is preferable to apply effective integration algorithms, such as the ones presented by Sloan 
et al (2001) and incorporated in the work of Andrianopoulos et al (2010). These algorithms 
automatically divide the applied strain increment into sub-increments (sub-steps). The 
integration error is consequently controlled by automatically modifying the number of sub-
steps. Using an estimate of the local error, the size and the number of sub-steps become a 
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function of the specified error tolerance, the magnitude of the imposed strain increment, and 
the non-linearity of the constitutive relations.  
 
More specifically, according to the modified Euler integration scheme, with automatic sub-
stepping and error control, proposed by Sloan et al (2001), each strain increment Δεij  is divided 
into n sub-increments Δεij

(n)=ΔΤ(n)·Δεij, ΔΤ being the increment of a pseudo-time T (0≤Τ≤1), that 
corresponds to the total integration step. In the beginning of the integration procedure, T and 
ΔΤ are initialized to T(1)=0 and ΔT(1)=1. Then, for each strain sub-increment Δεij

(n), the 
corresponding stress and hardening parameters sub-increments, Δσij

(n) and Δqn
(n), 

respectively, are calculated using the previously presented second-order modified-Euler 
integration scheme: 

  
   


1 2
ij ijn

ij

Δσ Δσ
Δσ

2
 (7) 

where: 

         1 n n nep
ij ijkl ij ijΔσ C σ ,q Δε  (8) 

             2 n 1 n nep (1)
ij ijkl ij ij n n ijΔσ C σ Δσ ,q Δq Δε  (9) 

while σij
(n) and qn

(n) are the stresses and hardening parameters in the beginning of the sub-
step. 
 
Since the local error in the first-order Euler and second-order Euler integration schemes is 
Ο(ΔT2) and Ο(ΔT3) respectively, the error in Δσij

(n) can be estimated as Δσij
(n)-Δσij

(1)=(Δσij
(2)-

Δσij
(1))/2. Therefore, a relative error measure R(n) can be computed as: 

  
   

 






2 1
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 (11) 

The relative error R(n) is consequently compared to a tolerance variable STOL, the optimum 
value of which is given by Sloan et al (2011) as 10-3. If R(n)>STOL, then the sub-step is rejected, 
and the integration is repeated for a smaller time increment ΔT(n΄): 

 
      n n

minΔT max q ΔT ,ΔT  (12) 

where   n

STOLq 0.9 0.1
R

, while ΔTmin is a minimum time-step value (e.g. 10-3), introduced 

for reasons of code robustness. 
 
If R(n)≤STOL, then the sub-step is accepted, stresses and hardening parameters are updated 
to σij

(n+1)=σij
(n)+Δσij

(n) and qn
(n+1)=qn

(n)+Δqn
(n), respectively, pseudo-time is increased to 

T(n+1)=T(n)+ΔT(n) and a new time-step ΔT(n+1) is selected as: 

 
       n 1 n (n)ΔT min q ΔT ,1 T  (13) 

where   n

STOLq 0.9 1.1
R

. 

 
The aforementioned integration algorithm has been found to provide accurate results, even for 
large applied strain increments (Andrianopoulos et al, 2010). However, it inherently requires 
the performance of second-order integration, even in cases of relatively linear behaviour and 
very small applied stain increments, where the twice as effective first-order integration could 
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have been sufficient. In this context, an adaptive integration scheme was developed, 
automatically switching from single-step integration to modified-Euler integration with 
automatic sub-stepping and error control, based on the local degree of non-linearity. 
 
Proposed Adaptive Integration Scheme 
The main concept of the proposed algorithm is similar to the error estimation procedure 
proposed by Sloan et al (2001). More specifically, in both schemes, the local integration error 
is measured from the difference of two consecutive stress increments. In the original algorithm 
of Sloan et al (2001), this difference is derived according to Equation 11, from the two 
increments of the second-order modified-Euler integration procedure. In the proposed 
algorithm, the local error measure is estimated using the stress increments of two different 
consecutive steps. If this error measure remains below a given tolerance value ATOL, then 
integration is performed using the single-step Euler scheme. If this value is exceeded, then 
modified-Euler integration with automatic sub-stepping is activated. 
 
According to this procedure, the current stress increment is actually regarded as the second 
stress increment of a modified Euler procedure that would have been applied in the previous 
step. Therefore, the estimated error does not correspond to the current step, but to the 
previous one. Since FLAC does not allow for any corrections to be made in previously 
completed time-steps, it may seem that the application of a higher-order integration scheme is 
not performed wherever necessary, but actually performed with the delay of one time-step, 
thus not contributing to the increase of integration accuracy. However, application of the 
previously presented integration schemes has indicated that there are distinct regions in the 
stress-strain relationship where non-linear behaviour is not predominant, and where the single-
step integration scheme is sufficiently accurate. Similarly, there are highly non-linear regions, 
where the use of higher-order integration schemes and potential sub-stepping becomes 
imperative. These two regions are not singular time-steps, but entire sections of the stress-
strain relationship, with a duration of many subsequent time-steps. Therefore, even with the 
delay of one single sub-step, the proposed adaptive integration algorithm essentially allows to 
switch between the two different integration schemes, depending on the current highly or 
weakly non-linear soil behaviour, thus achieving the optimum balance between the accuracy 
of the integration procedure and the involved computational cost. Besides, it should be 
stressed out that the small integration time-step used by FLAC to ensure the stability of the 
explicit finite difference solution scheme, results in the minimization of the effect of this single-
step delay on the overall accuracy. 
 
A significant difference from the original scheme by Sloan et al (2001) arises from the fact that 
the measure and direction of strain increments in consecutive time-steps in boundary value 
problems does not necessarily remain constant. Therefore, instead of employing Equation 11, 
the local degree of non-linearity R is estimated as follows: 
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where Δσij
(k-1) and Δεij

(k-1) denote the stress and strain increments of the previous time-step, 
Δεij

(k) is the current strain increment, while Δσij
(k) is the first estimate of the current stress 

increment using single-step Euler integration (Equation 2). If R≤ATOL, then the stress 
increment Δσij

(k) is considered accurate and the solution progresses to the next time-step. If 
R>ATOL, then this means that the stress-strain relationship has entered a region of high non-
linearity, thus the modified-Euler scheme with automatic error control and sub-stepping is 
activated. Obviously, the stress increment estimate Δσij

(k) can be employed as the first 
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increment Δσij
(1) of the second-order modified Euler integration scheme, for the initially 

attempted sub-step, where ΔT(n)=1 and Δεij
(n)= Δεij. 

 
In order to demonstrate its performance, the proposed adaptive integration algorithm is 
employed, herein, for the prediction, using the NTUA-Sand model, of soil stresses under a 
given undrained shear strain path, in element level. The model parameters selected for this 
purpose correspond to Nevada Sand (Andrianopoulos et al, 2010), while an initial void ratio of 
e=0.7 (relative density Dr=50%) was considered. The initial vertical and horizontal effective 
stresses were equal to σ΄v=80kPa and σ΄h=36kPa respectively. The element was subjected to 
the shear strain γ path shown in Figure 1a, which was applied in increments of Δγ=10-4. Plane 
strain conditions were considered, while no volume change was allowed (εv=εh=0).  
 
Four different cases were considered for the tolerance value ATOL, namely 0, 10-3, 10-2 and 
10-1. Note that for ATOL=0, the proposed algorithm essentially reduces to the one introduced 
by Sloan et al (2001). In all cases, STOL was set to 10-3. In terms of stress predictions, the 
results from all the performed analyses were almost identical, hence only one shear stress and 
vertical effective stress time-history is presented in Figures 1b and 1c, while the corresponding 
stress path is shown in Figure 2. Nevertheless, significant differences were observed in terms 
of computational effort. The average computational times required to perform the associated 
computations in each case are presented in Table 1, per element and per time-step. These 
times were measured in a Personal Computer with a 2.9 GHz Dual-Core Intel i7 Processor 
and 4GB of RAM. In order to provide insight into the variation of computational cost with the 
tolerance value ATOL, Figures 1d to 1g show which integration scheme (first-order or second-
order with sub-stepping) was utilized, and how many sub-steps were performed in each time-
step, for each one of the examined ATOL values. 
 
Starting from Figure 1d (i.e. ATOL=0), it can be observed that sub-stepping is only activated 
in discrete regions of the stress-strain relationship, where the degree of non-linearity is high. 
Thus, it becomes evident that higher order integration schemes are not required throughout 
the whole analysis, highlighting the potential benefit from the proposed algorithm. In fact, 
Figures 1e to 1f show that for increasing ATOL values, the second-order integration scheme 
is only employed in these regions of high non-linearity, while single-step integration is 
performed for the rest of the applied strain history. It should be stressed out that in the regions 
of high non-linearity, automatic sub-stepping is normally activated, similar to the case where 
ATOL=0. 
 

 
Figure 1. Time-histories of (a) applied shear strain, (b) shear stress, (c) vertical effective stress. 
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Figure 1 (continued). Time-histories of (d)-(g) the order of the employed integration scheme and the 

number of sub-steps, for ATOL=0, 10-3, 10-2 and 10-1. 

 
Figure 2. Applied shear stress vs. vertical effective stress path, shear stress vs. shear strain 

relationship and excess pore pressure vs. shear strain relationship. 
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Table 1. Average computational time per element and per time-step, for the examined ATOL values. 

ATOL Average computational time (msec) 
0 

10-3 

10-2 

10-1 

76 
31 
16 
11 

 
Evaluation of Integration Accuracy 
In order to assess the accuracy of the proposed integration algorithm and compare it against 
first-order integration, second-order integration and second-order integration with automatic 
error control and sub-stepping, iso-error maps were developed. The associated procedure is 
summarized in the following steps: (a) A minimum of three points in the stress space is 
selected, representing a wide range of possible stress states. (b) A range of specified strain 
increments is consequently applied to each selected point, and the integration algorithm is 
used for the computation of the corresponding stresses. (c) The exact stresses for the 
prescribed strain increments are computed by repeatedly applying the algorithm with an 
increasing number of sub-increments. The value for which further sub-incrementing produces 
no change in the numerical result is taken as the exact solution. (d) Finally, results are reported 
as the relative root mean square of the error between the exact and computed solution: 

 
   * *

ij ij ij ij

* *
ij ij

σ σ σ σ
δ

σ σ

 
  (15) 

In the work presented herein, three different points in the stress space were examined. An 
initial void ratio of e=0.7 was considered, corresponding to a relative density of Dr=50%. 
Starting from an initial isotropic pressure of 80kPa, the material was subjected to:  
 

 Undrained triaxial compression with an initial vertical strain of εv=0.01%, accompanied 
by a horizontal strain of εh=-0.01%, and consequently followed by different 
combinations of vertical (Δεv) and horizontal (Δεh) strain increments, ranging from 10-5 
to 10-3. 

 Undrained triaxial extension with an initial vertical strain of εv=-0.01%, accompanied by 
a horizontal strain of εh=0.01%, and consequently followed by different combinations of 
vertical (Δεv) and horizontal (Δεh) strain increments, ranging from 10-5 to 10-3. 

 Undrained shearing with an initial shear strain of γ=0.01%, consequently followed by 
different combinations of shear (Δγ) and vertical (Δεv) strain increments, ranging from 
10-5 to 10-3. 

 
The above procedure was performed six times, for all the different integration algorithms 
presented in the above, namely: (a) modified Euler integration with automatic error control and 
sub-stepping (STOL=10-3), (b) second-order Euler integration without sub-stepping, (c) first-
order single-step Euler integration, as well as (d)-(f) utilizing the proposed algorithm with 
ATOL=10-1, 10-2 and 10-3. The resulting iso-error maps are shown in Figures 3 and 4. 
 
As it was expected, the computed relative error in cases (a), (b) and (c) increases with 
increasing strain increments. However, this is not the case for the adaptive integration scheme, 
as, for small strain increments, single-step Euler is utilized, whereas, for larger ones, higher 
non-linearity is identified and the more accurate integration scheme is activated. Overall, the 
modified-Euler integration scheme with automatic sub-stepping and error control is proved to 
provide the most accurate results, with the relative error not exceeding 0.01%, even for the 
largest applied strain increments. On the other hand, both first- and second- order integration 
schemes (cases b and c) produce significant errors for strain increments above 10-4, and they 
should be therefore avoided. Nevertheless, the proposed adaptive integration scheme 
produces very small errors, even for large strain increments. This error decreases with 
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decreasing ATOL tolerance values, and becomes identical to the one corresponding to case 
(a) for ATOL=10-3. 
 

 

 
Figure 3. Isoerror maps for undrained triaxial compression and extension. 
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Figure 4. Isoerror maps for undrained simple shear. 

 
Conclusions 
A new adaptive integration algorithm has been proposed for the implementation of the NTUA-
Sand constitutive model into the Finite Difference Code FLAC. This algorithm provides an 
optimum balance between integration accuracy and computational effort: as shown in Figure 
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1, it effectively distinguishes between areas of high and weak nonlinearity, based on the given 
tolerance ATOL, accordingly switching between the second-order modified-Euler integration 
scheme with automatic error control and sub-stepping, introduced by Sloan et al (2001), and 
the much simpler and computationally efficient first-order single-step Euler integration. Using 
a large tolerance value, this procedure may result in a significant reduction of the total 
computational time of up to 85% (e.g. Table 1, for ATOL=10-1), however this would also result 
in a non-negligible lack of accuracy. Nevertheless, utilizing smaller tolerance values (e.g. 
ATOL=10-3), the integration error could be limited below 0.01% for strain increments of up to 
10-3 (e.g. Figures 3 and 4), similar to what would have been achieved using the sub-stepping 
algorithm proposed by Sloan et al (2001). A significant reduction of the computational cost of 
up to 60% can still be accomplished in this case, making the proposed algorithm very attractive 
for the implementation of constitutive models into explicit finite difference and finite element 
codes. The performance of the proposed integration scheme in boundary value problems is 
currently being assessed through ongoing research, focusing on the determination of the 
optimal value of ATOL to be employed for practical applications. 
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